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In this notes we are concerned with a special case of so cahed infinitesi- 
"^ I mal Hecke algebras introduced in [EGG] For simple Lie algebra 5p(2n) they 

\^' construct certain algebra (called Infinitesimal Hecke algebra) which is en- 

^ ■ dowed with a filtration so that corresponding associated graded algebra is 

j^ , isomorphic to the enveloping algebta of il(sp(2n) x V), where V is an ob- 

vious representation (this is a version of PBW theorem). Following is the 
exact definition for the easiest case of 5^2 • 
^f^ . Let C be the field of complex numbers, and let H^ be a semidirect prod- 

^ \ uct of Hg and TV {TV stands for tensor algebra), where by g we will denote 

^^ ■ sl2 and V is its two dimensional representation over C with basis x, y,, mod 

■r-l- ■ out by the relation [x, y] = z, where z is an element of the center of Ug. Thus 

^ \ Hz is an algebra depending on the parameter z, recall that [e, y\ = x, and x 

is a maximal vector ( killed by e) of weight 1 with respect to h (when talk- 
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^^ ■ ing about maximal vectors and such we always consider adjoint s[2 action). 



s 
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Recall that one has an algebra filtration on Hz {x,y have degree 1, and ilg 
has degree ), corresponding associated graded algebra is just lt(g x V) 
which also is equal to Hq, this statement is a PBW theorem for this alge- 
bra (proved in [Kh]), and from now on we will denote this algebra just by 
H (suppressing the index 0). Representation theory of Hz was extensively 



^ ' studied in [Kh]. Here we will be concerned with the center and derivations 



of this algebra. 

I would like to thank my advisor V. Ginzburg, and especially A. Khare 
for carefully going through all the computations and enormous help with 
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Theorem 0.1. Center of Hz is a polynomial algebra of one variable, gen- 
erating central element is of the filtration degree 2. 

Proof. First, recall an anti-isomrphism of Hz which will be denoted by j, 
defined as: j{x) = y,j{y) = xj{h) = h,j{e) = -f,j{f) = -e ([Kh]). lets 



note that this map fixes the following element ey^ + hxy — fx^ . Indeed, 
applying this map to this element we get 

-x^f + xyh + y^e = hxy + ey^ - fx^ - [e, y^] - (-[/, x^]) 

but [e, y^] = xy + yx = [/, x^] so this element is indeed fixed, also since j 
is fixing h and center of ilg, j is fixing the algebra generated by the above 
elements, /i, and 3(ii0) (center of ilL). next step will be to exibit an element 
from this algebra which will commute with e,x,h therefore will lie in the 
center of Hz. Let us denote the above element by t = ey^ + hxy — /x^, 
we have [e,t] = e{xy + yx) — 2exy + hx'^ — hx'^ = —ez, so we see that 
[e, t — ^hz] = 0. We also have 

[x,t] = e{zy + yz) — x^y + hxz + yx^ 

= 2ezy — e[z, y] + hzx — h[z, x] — {2zx — [z, x]) 
= 2ezy — 2zx + [z, x] — e[z, y] + hzx — h[z, x], 



[x,^hz\ = --xz + -h[x,z\ = --zx + -[z,x\ + -h[x,z\. 



Also, 



[x, t hz] = 2ezy 3zx -\ — [z, x] — e[z, y] /i[2;, x] + hzx. 

We denote the element [x,t — hz] by q^, now we want to produce an element 

LOz in the center of 3(il-^) so that [x, tUz] = Qz, then t hz — uoz will be the 

desired central element. Let A = /i^ + 4e/ — 2/i be a multiple of the Casimir 
element, next we will compute commutators of powers of A with x and y, 
we have 

[A, x] = hx + xh + 4ey - 2x = {2h - 3)x + Aey 

[A,y] = -hy-yh+^xf + 2y = -{2hy+y)+A{fx-y)+2y = {-2h-3)y+4fx 



Let us put [A",x] = (/n(A)/i + 5'„(A))x + 2/„(A)ey, (/n,ffn are yet 
undetermined polynomials). It is always possible to write them in this way 
because [A^jx] is a maximal vector of weight 1, so coefficient in fromt of 
y is maximal vector of weight 2, by classification of maximal vectors in ilg 
(explained below), this element is a product of e and an element of a center, 
similarly we treat coefficient in front of x. We have 



[A"+\a;] =A"[A,x] + [A",x]A 

=A"(2/i - 3)x + A"4ey + (/„(A)/i + 5„(A))xA + 2/„(A)eyA 
= (A"(2/i - 3) + fn{A)Ah + 5„(A)A)x + (2/„(A)Ae + A"4e)y 
- (/„(A)/i + 5n(A))(2/i - 3)x - 2/„(A)e4/x- 
(/„(A)/i + <7n(A))4ey - 2/„(A)e(-2/i - 3)y, 

so grouping all elements containing y we get the following coefficient in 
fron of y 

4A"e + 2/„(A)Ae - 4<7„(A)e + 6/„(A)e + 4/„(A)(-2e) = 

2(2A" + /„(A)(A-l)-2<7„(A))e 

so /n+i(A) = 2 A" + /„(A)(A - 1) - 25„(A). 
Grouping elements in front of x we get 

A"(2/i - 3) + /„(A)A/i + 5n(A)A - <7n(A)2/i + 
35n(A) - fniA)h + 4/„(A)/i - 2/„(A)/i2 - 2/„(A)4e/, 

sum of last 3 terms is — 2/„(A)A, so 

5„+i(A) = -3A" + 5n(A)A + 35n(A) - 2/„(A)A = 
-3A" + (A + 3)gn{A) - 2/„(A)A. 

We easily see that fn is a polynomial of degree n — 1 with the top coefficient 
2n, in particular any equation c = [zi,x] + Z2X has a unique solution in zi, Z2 
from 3(ils), provided that c is of the form 2ipey + {hip +'ipi)x , where ip, ipi are 
also from 3(il0) (because /„ form a basis of center, and by uniqueness in zi 
we mean uniqueness up to a constant), as an example of such c we can take 
arbitrary linear combinations of elements of the form A* [A-' , x] . Remark 
that only elements from 3(ils) which commute with x are constants. These 
observations will be needed later. 

Recall that we want to write qz as a commutator of x with a central 
element of ilg, let us rewrite Qz as follows: 

^[2^'^] - i4z,y] + ^h[z,x]) + -[z,x] = 
^[2 ^' ^] - [^' ey + 2 H + 2 [^' ^] = ^[ 2 '^' ^] ~ [^' [4 ^' ^]] ~ [^' 4^] + 

2[^'^] = ^(^[A,^:] + [A,x]z- [z,x]). 



Since [Az,x] = [A,x]z + A[z,x], its enough to show that there exists an 
element z\ in the center of ilg so that [zi,x] = z[A, a;] — A[z,x] = Axz — zxA, 
let us take z\^Z2 from center of ilg so that z[A,x] — A[2:, x] = [-2i,x] + Z2X 
(this is possible as remarked earlier). We want to show that Z2=0, applying 
ad{f) to the last equality we get z[A,y] — A[z,y] = [zi,y\ + Z2y- Remark 
that j(z[A,x] — A[z,x]) = — (z[A,y] — A[z,y]), therefore 

[Zl,y\ + Z2y = -J{[ZI,X] + Z2X) = [zi,y] - yz2 = [zi + Z2,y] - Z2y. 

Applying ad{e) to the last line of equalities and using uniqueness of Z2 implies 

that Z2 = 0, and we have constructed a central element t^ = t hz — ujz 

of filtration degree 2. It remains to show that it generates the whole center. 
First claim is that any element which commutes with g lies in the algebra 
generated by tz and 3(il0). 

Let a be such an element, write o as a polynomial in PBW basis (in x, y 
writing x on the right side of y with coefficients in ilg), and let n be the 
smallest power of x appearing in this polynomial, so we can write a = bx^ 
since a commutes with e and x commutes with e, implies that b has weight 
—n and is maximal. However, since Hz is union of finite dimensional modules 
over Q (recall that action is always adjoint here) no maximal vectors can have 
negative weights, so n = 0. Let cy™ be a monomial of a with highest power 
of y appearing in monomials with no x in it, then [e, a] = implies that 
[e, c]=0 (becasue after taking commutator with e powers of x never decrease 
and power of y never increase ), so c is a maximal vector of ilL of weight m. 
Now claim is that any maximal vector in itg is generated by e, A. Indeed, let 
a be such a vector, using induction (asuming homogenity) without loss of 
generality assume that it is not divisable by e, so if we write it in PBW basis 
(for ilg) it will contain a monomial containing no e, so it has non positive 
wight so its weight is 0, therefore it lies in the center and we are done. So 
m is even m = 2n and c = 76^", 7 being central, now let us consider an 
element a — 7^", call it (. Then ^ commutes with g and has highest power 
of y without x less than m, now arguing inductively we will arrive at the 
central element of itg so we are done. Finally, let a be a central element of 
Hz, in particular, it commutes with g so it can be written as a polynomial 
of tz with coefficients in 3 (itg), let Kt" be the monomial of the top degree 
in a, since [a, x] = 0, passing to the associated graded ring we get that 
[x, k] = 0, so K is a constant, so we may disregard the top term, proceeding 
buy induction we are done. 
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To summerise, t^ = t hz — ujz, where t^ = ey'^ + hxy — /x^, and uj^ is a 

polynomial in A with the property [x, u>z] = \{[^z — z, x] + z[A, x] — A[z, x]). 
In what follows it will be convenient to use the following notation, denote 
by F, G linear endomorphisms of C[A] such that F{A"') = fn, G(A") = 
Qn- therefore F,G are surjective linear endomorphisms with kernel being 
constants. Thus in equation for tOz after equating terms with ey we get 

^{F{Az -z)+ zF{A) - AF{z)) = -F{lUz), 

now lets rewrite recursive relations on /„ obtained before in terms of F, G, 

we get F{Az) = 2z + {A - l)F{z) - 2G{z), so w^ = -IF-^{F{Az - z) + 
zF{A) - AF{z)), thus 

LOz = -j{2z + F{z){A-l)-2G{z)-F{z)+2z-AF{z)) 
= -F-\z) + ^z + If'\G{z)), 

as a consequence of this formula, top coefficient of uJz is — 2;^; times the top 
coefficient of z (assuming that the degree of z is n — 1 as a polynomial of A), 
because according to computations of fn,gn, F and G decrease the degree 
of an input by 1, and top degree of /„ is 2n. 

If z is linear z = aA + b, then explicit formula for a central element is 
the following: 



ey^ + hxy - fx^ - -h{aA + h) + j{aA^ + (26 - a) A). 

Theorem 0.2. // z is non-zero then Hz has no outer derivations, and 
H^{H,H) is a rank 1 free module over the center of H. 

Proof. For the proof will need a description of maximal vectors of weight 1 
in H. The claim is that this vector space as an algebra over the center of Hz 
is generated by[x,C[A]] and by C[A]x. It suffices to show this when z = 0, 
let r = ^ UijX^y^ be a vector of maximal weight, we will use induction 
on total degree with respect to x, y and biggest j so that a^j is not zero. 
If such coefficients are all then we can pull out x we will be left with a 
maximal vector of weight 0, so in that case nothing is to prove. We see that 
aoj is maximal, so this term is equal to 7e"y^"~^, where 7 is from C[A], 
so r — 7t"'^-'^(^[A,x]) is also a maximal vector whose biggest power of y 
without X is lower than j, so continuing this procedure all is left to show 



is that a[A,x] can be expressed appropriately, where q is a polynomial of 
A. Indeed, this element can be clearly written as [A, 7] +lox, wherea;,7 are 
polynomials of A (as explained earlier), so we are done. 

We claim that H^{H,H) is rank 1 free module over the center, indeed 
assume that D is a derivation oi H, we may assume that it vanishes on itg 
(consequence of simplicity of the Lie algebra 3), so D is a g-map, therefore 
Dx is a maximal vector of rank 1, so by modifying with inner derivation, 
we may assume that Dx = ^ faiX, where is a^ is a polynomial of A. We 
claim that Oj is constant, indeed, assume the contrary, then 

D{xy) = '^{fttixy + xfa-iy) = ^ f{2aixy - [ai,x]y) 

D{yx) = '^{faiyx + yfaix) = ^ f{2aixy - [ai,y]x). 

Thus Yl ^*[ai, x]y = Y^ f[ai,y]x, but this can not happen becaus after equat- 
ing highest powers of t, left hand side contains terms with y^ and right hand 
side does not, this implies that all ai are constants, so D is given by g- 
invariant Euler derivative on it(0 x V) (with respect to x, y) multiplied by 
a central element, therefore we are done. Now lets consider remaining cases 
{z non zero). We claim that every derivation is inner, suppose D \s a, deriva- 
tion of H, again we may assume that it vanishes on ilg. As before, we may 
assume that Dx = ^ t\aiX, where a^ are central in itg and qq is non zero, 
so Dy = Y t\oiiy. Thus applying Z) to z we get 

Q = Dz= [Dx, y] + [x, Dy] = 2J2 tl^iZ + Y. *U["ii v]^ + [x, Oii]y) so 

2 ^ tlaiZ = ^ 4(["i> x]y - [o^h y\x) 

For any a from C[A], we have 

\a,x\y - [a,y]x 
= {2F{a)ey + {F{a)h + G{a))x)y - {2F{a)fx + {-F{a)h + G{a))y)x 

= 2F{a){ey^ + hxy - fx^ - -hz) + G{a)z = 2F{a){tz + uJz) + G{a)z 

so our equality is as follows: 2^t*ajZ = Y^i'^^i'^i)^^ + ^z) + G'(aj)z), 
now lets equate terms with no t^, we get 2aQZ = 2F{ao)B{z) + G{ao)z. We 
have an equality in polynomials in A, so ao is not a constant otherwise right 
hand side would be 0, now comparing coefficients of top degrees in A gives a 
contradiction, because as we have observed F multiplies the top coefficient 
of an input by a positive number, however the top coefficient of uJz is equal 
to a negative number times the top coefficient of z. End of the proof. 

D 



The University of Chicago, Department of Mathematics, Chicago, II 
60637, USA. 



References 

[EGG] P. Etingof, W.L. Gan, and V. Ginzburg, Continuous Hecke algebras, 
Transform. Groups 10 (2005), no. 3-4, 423-447. 

[Kh] A. Khare, Category O over a deformation of the symplectic oscillator 
algebra, Journal of Pure and Apphed Algebra, Volume 195, No. 2 
(2005), 131-166. 



